In finance, the term path dependency is typically used when valuing derivative assets like American or Asian type options. Our simulation based example illustrates that the final payoff of an investment strategy could also depend on the previous historical price movements of the asset in our portfolio even if the final selling price of the asset itself is independent of it. As illustration, we use the real life monthly return data of the shares of the Hungarian oil company (MOL), and we show that it does matter what path the stock price follows from the purchase to the date of selling if we finance our portfolio from a debt requiring regular payments throughout the holding period. In our model the investor covers the required cash outflows by selling some of the shares originally bought. Over a ten year period one may achieve a total return between -100.0 and 1,026.0 per cent depending on the path of the share quotation generated randomly by mixing real life monthly returns. In 7.95 per cent of the cases we would even go bankrupt before the 10 years are over.
INTRODUCTION
In the financial literature the term path dependency is used in different contexts. Sometimes, just as in the social sciences, we refer with this expression to the fact that our current or future payoffs, decisions or strategic options are limited or determined by our previous choices or our history (e.g. Graves (2011) on entrepreneurial finance in Southern states of US or Bianco et al. (1997) on financial systems). Pierson (2000) offers a conceptualisation of "path dependence" in this relation, while Dobusch and Kapeller (2013) contrast a number of recent articles showing the different approaches when using the term in this meaning. In other cases we use a more narrow meaning and consider something path dependent, once the value of the given asset depends not only on the price of another item at a set point in time, but also on the price dynamics of the other asset during a period of time.
(E.g. Thompson (1995) on contingent claims, Baule and Tallau (2011) on bonus certificates or Jazaerli and Saporito (2013) on the path dependence of the greeks of options.) In this article we use the expression in its later meaning, where it is not our historical decisions but a set of past events out of our control that influence our final payoff. This kind of definition in relation to investment in a project is very well presented and contrasted to real options by Adner and Levinthal (2004) . The basic idea of this paper first appeared in the article of Száz (2013) . We examine a very stylized company with E=1 equity and D amount of debt. Taxes, dividends and transaction costs are ignored. Furthermore, our company does not trade, produce or offer services, but its activity is limited to investing in and holding of one given financial asset called stock. The only decision the company may and has to take is whether to buy the stock only using equity (Strategy A) or creating a leveraged portfolio (Strategy B). Next we describe the two strategies in detail.
Strategy A: This is our benchmark strategy. The firm takes no debt (D=0), and spends the total of its shareholder capital (the equity, E) on buying stocks. After T years we close the position and sell the stocks.
Strategy B:
Taking some debt (D) with maturity of T years the company spends at the start the total of its own and borrowed capital (E+D=V) on buying stocks. Interest and principal payments of the debt have to be covered from selling the appropriate quantity of the stocks owned. After T years we close the position and sell the remaining stocks. Payments on the debt are made monthly, the interest rate is r per annum, and principal payments are made monthly in equal sums across the whole lifetime of the debt. For this article for the sake of simplicity we assume D=2. The relative performance of the two strategies is obviously dependent on three factors:
• the price dynamics of the stock;
• the amount of debt (D) (level of leverage: L=V/E); • the interest rate of the debt (r).
A REAL LIFE EXAMPLE
For comparing the two strategies, we have chosen the actual price dynamics of an existing stock, namely MOL (Hungarian oil and gas company). The period examined is 1998-2008, hence T=10 years. Figure 1 illustrates the price dynamics of MOL shares during this period. For easier overview we rescaled the data by choosing the initial stock price on the first day to be the basis (100%).
As one may observe in the first half of the period MOL was travelling horizontally without any relevant up-or downtrend. After the first half of 2003 a strong uphill began, but some high drops also occurred. In the 10-year period, the price of MOL shares multiplied by 4.5 so the average growth rate was 16.3% p.a. This means that investing in this stock would have resulted in an annual yield of 16.3% in case of Strategy A. Figure 2 shows the net position dynamics of the two strategies. (Net position is the value of the stocks owned minus the outstanding debt.) Strategy B is above Strategy A in a few months at the beginning, but after the second year it remains below it all the way along. Hence, it would not have been a good strategy to finance the stock investment with an annual growth rate of 16.3% from a loan at an interest rate of 12%. The reason is the path of the stock price: loan payments during the long horizontal travelling of the stock price consume too much of our portfolio. By the time price will start to increase sharply, we have already sold approximately 75 percent of our original stock reserve. It is also notable that the net equity value of Strategy B goes negative several times. In these periods outstanding debt is higher than the value of assets. Although we allowed for this in our model, in the real life typically there is a minimum (positive amount) requirement for the shareholder's capital. (E.g. if that is not met for a period of time the firm has to be liquidated under the Hungarian law.) However, as long as the number of stocks owned is above zero, we still have some chance to repay the debt, if the stock price increases significantly (as in our case). The really serious problem occurs in case we would run out of stocks before repaying the total of the debt. The number of stocks cannot increase in Strategy B, hence once we have sold all of them, the firm goes bankrupt for sure. In the rest of the paper, we seek the answer to the following questions:
• What is the break-even interest rate of the loan that makes the final net equity positions equal in the two strategies? • How does the break-even interest rate depend on the size of leverage? • What happens if we keep the initial and final stock prices, but change the path between them? How will this affect the performance and the break-even interest rate of Strategy B?
Break-even interest rate
Since the 12 per cent interest rate in the first numerical example was too high to make Strategy B profitable, the break-even interest rate must be under this level for sure. However, the exact answer was a bit surprising even for the authors: only interest rates under 5.11% could have been accepted so that we still have one stock at the end (that is, the two strategies end up with the same net position). In what follows, we show that this relationship is general and not the result of our specific data. Formalising the problem we have the following equations.
Periodic principal payment of the loan:
Outstanding principal of the loan:
Periodic interest payment on the loan:
Number of shares in Strategy A:
Number of shares in Strategy B:
where r is the annual interest rate, T is the number of years examined, n is the number of payment periods within a year, t=0, 1,…, nT is the index of time periods, and S is the price of the stock.
Our goal is to find the interest rate that makes the two strategies indifferent, hence where , = , . Substituting the previous equations will yield the following formula for r: 1.009 1.010 1.011 1.013 1.014 1.015 5.11% 1.000 1.000 1.000 1.000 1.000 1.000
1.000 1.000 1.000 1.000 1.000 1.000 6% 0. Since D does not appear in the last formula, the breakeven interest rate is indeed independent from the leverage. Rather it depends on the length of the total investment T, the frequency of cash payments needed n and the path of the share prices S i . However, it is important to emphasize that the leverage is not irrelevant for the final net position of Strategy B.
Higher leverage increases our profit in case r is lower that the break-even level, and decreases it if r is above the determined level.
The intuition behind the irrelevance of D to the breakeven interest rate is the following. The break-even interest rate is the interest rate where D is neutral (the two strategies result the same final position), hence its level does not count in this problem. An in-depth understanding might be achieved if we imagine a firm financed only from one source (D) for which the cost of capital needs to be paid monthly. With a given price development path we can determine whether it is worth investing in the share. Our final decision would be independent of the actual quantity of capital as both return and cost of capital would be proportionate to the investment. Whether it is worth taking this capital or not is also independent of whether we have some extra capital (E) without regular cost of capital to pay. The leverage itself would only determine the extent of the effect, the direction of the effect is derived from the comparison of the path (series of returns) and the cost of capital.
PATH DEPENDENCY
We have already observed that the performance of Strategy B is path dependent: it is not enough to know that the price of the stock increases by 16.3% annually; it is also important how this average growth rate is achieved. Path dependency is a well-known term in connection with derivative products. American, Asian or other exotic options are path dependent since their payoff (and consequently their price) depends on the dynamics of the underlying product's price. A great description of path dependent derivatives might be found in Wilmott (2006) . Some aspects of the link between price dynamics and optimal hedging is described by Dömötör (2012, pp. 73-81.) for currency futures. Ruttiens (2013) describes the same path dependency problem when arguing that volatility is not always a good measure of risk. Now we will illustrate how path dependency influences a simple leveraged stock investment, namely Strategy B.
We will not deal with all the possible or probable ways that the stock price could have taken between the initial 1 and the final 4.5 values. (The number of such paths is of course infinite.) We are only examining paths with the same monthly logreturns as those actually occurred.
We determine the monthly logreturns (y t ) of the stock in the common way:
Basic descriptive statistics of the monthly logreturns in our sample are summarized in Table 2 . 
Extreme paths
We will show the significance of path dependency by changing the order of occurrence of the logreturns. First, we discuss two extreme trajectories, and sort the actual logreturns in ascending and descending order. Figure 3 shows the actual and the two extreme paths of the stock price. Since the initial value and the set of monthly logreturns are the same in all the three cases, the stock price will always be 4.5 at the end and the average annual growth rate is also unchanged (16.3%). However, rearranging the logreturns causes massive variations in the paths, so much so that we had to apply different axis-scaling for the descending scenario. It is trivial that with given logreturns the descending scenario is the best, while the ascending one is the worst case for Strategy B. In these extreme scenarios, with D=2 and r=12%, the leveraged strategy ends up with 2.82 and -88.12 stocks respectively. The negative sign of the second data shows that in the worst case scenario we run out of stocks and cannot repay the loan. In other words we go bankrupt before the end of the investment period.
Actually, we go bankrupt very quickly: we start with 3 stocks, but we are not able to finance the loan payments through more than 14 periods. That is, in almost one year we have to sell all of our stocks and we still have approximately 1.75 debt to repay. Since the returns are in ascending order is this case, big negative returns come first in the early periods, and by the time better (positive) returns would occur we will have already no stocks and cannot benefit from the favourable price movements.
The significance of the path is even more obvious if we determine the break-event interest rates in the two extreme scenarios: it is 270% in case of descending returns and -17% with ascending returns. The later means there is no realistic macroeconomic situation (r) where leverage would pay off unless there would be a regular cash inflow from our investment, for example we could collect significant dividend payments.
Random paths
After the two extreme scenarios we examine how random occurrence of the logreturns would perform. We simulated 2,000 scenarios by combining the given logreturns randomly. Figure 4 shows the actual and three simulated paths. The initial and the final stock prices are still 1 and 4.5 respectively; since logreturns are additive and changing the order does not affect the sum. We have also calculated the break-even interest rates and the final number of stocks in Strategy B with the previous parameter settings (D=2 and r=12%). We also quantified the amount of cash inflow (e.g. dividend, capital increase by shareholders, fresh debt) needed to save a path generating bankruptcy (negative number of shares). Table 3 summarizes the descriptive statistics of these calculations, while Figure 5 and Figure 6 show the relative frequencies of the simulated data.
Out of the 2,000 scenarios simulated, the maximum number of shares is 2.28 which means that the maximum final net position is as high as 10.26 (2.28*4.5). Since we achieved it with 1 unit of equity, this growth equals to 1,026% total return over the 10-year investment horizon. Similar calculations show that the average total return is 464%, while the median is 527%. Although our average annual return on the stock investment (Strategy A) is 16.3%, in 56.15% of the cases a similar cost for financing would have decreased our returns. In half of the paths an interest rate below 14.61% would be required, and we need to push down interest until 8.06% to have 75% chance to boost our profit by using the given leverage. For a 90% chance to win on the debt one needs a rate below 3.59%. Even if debt is for free we have just 95.8% chance that we will be able to cover all principal payments on time.
Using our initial interest rate of 12%, only 59.7% of all paths make leverage more profitable than Strategy A with no debt. Out of 2,000 only 1,841 (92.05%) scenarios will end up with positive number of shares, this means that the probability of bankruptcy is 7.95%. Given the possibility to survive bankruptcy by using fresh capital the total amount of money needed to save our company in these 159 cases is shown in Figure 7 .
(No cost for capital assumed.) To save our firm in all cases we would need 2.08 unit of money that is more than the double of the initial equity capital (E) available.
To push the probability of bankruptcy down to 5% (that is to save 2.95% of the paths) we need 70% more startup equity kept in form of cash, while an extra cash reserve equal to original E would reduce chance of failure to 3.9%. 
CONCLUSION
In this paper we investigated path dependency in case of an investment strategy using no path dependent investment assets. We illustrated how the use of a path dependent "negative" asset (debt) would make our strategy path dependent. This kind of risk is very often overviewed by investors making them unable to correctly judge total risk taken.
We have shown that the break-even interest rate for using debt in financing any portfolio is independent of the leverage itself. Although, this well-known general rule in financing is dramatically different in case of path dependency: the critical rate is not necessarily equal to the return that can be achieved by investing the capital, rather than it may be considerably lower or higher. The risk path dependency generates is not negligible. In case of our random simulation in 7.95% of the cases the firm went bankrupt while earning an average asset return higher than the interest rate of debt over the total investment period. These failed firms would need serious amount of fresh capital to survive but even then most of those would produce loss.
Our research has also raised several further questions. For the debt different repayment schedules could be considered, fresh capital may have some alternative cost, and also length of surviving could be measured at different leverage levels. Further, our model could be developed by requiring a certain level of equity for allowing a company to move on to the next period of time.
